THE ZERO PARADOX

ZP-E: Bridge Document (Cross-Framework Ontology)

Version 1.4 | April 2026
Supersedes v1.3 | IR-1 updated; MP-1, RP-1, DP-1 added; T2-C scope refined; T7 Part IV refined

Connects ZP-A through ZP-D into a unified ontological framework. Every cross-framework
assertion traced to a theorem in one of ZP-A through ZP-D, plus an explicit bridge axiom where
required. No floating connections. Version 1.4 changes: (1) IR-1 updated to ZP-B v1.2, ZP-C v1.3,
ZP-D v1.2. (2) MP-1, RP-1, DP-1 added to import and open-items registries. (3) T2-C scope note
refined: non-conservatism holds on infinite sequences approaching 0, not on finite loops. (4) T7
Part IV refined to distinguish finite-conservative and infinite-non-conservative regimes. All
previously derived theorems unaffected in their conclusions.

l. Imported Results from ZP-A through ZP-D

Import Registry IR-1 — Closed Results Received by ZP-E

From ZP-A v1.1 — (L, v, L): join-semilattice. L unique additive identity. L =< x for all x (T2).
State sequences monotone (T3). No subtraction (R1). CC-1: S0 = 1 is a conditional claim —
modelling commitment, not derived from A1-A4.

From ZP-B v1.2 — AX-Bl: binary existence axiom. MP-1: Minimality Principle (bridge
between ontological and representational binary). TO: p=2 derived from AX-B1 and MP-1. Q2
with ultrametric d. Every ball clopen (T2). Q2 totally disconnected (T5). Topological isolation
of 0 (T3). Snap irreversibility (C3, corollary of T5). € minimum viable deviation (D5).

From ZP-C v1.3 — RP-1: Representation Principle (bridge between AX-B1 and probabilistic
tools). T1: P=(1,0), Q=(0,1) derived from AX-B1 and RP-1. E = JSD(P||Q) = 1 bit (T1b). Dirac
measure 60 (D3). Discrete surprisal I(x) on Q2 \ {0} (D4), defined under the branching
measure. DF (D5). D6 extended: finite loops are conservative (C=0 by telescoping); infinite
sequences approaching 0 are non-conservative (C = +®). T2: DF non-conservative on infinite
sequences approaching 0 — DERIVED, conditional on branching measure of D4. Smooth
embedding, MO-1, P1 retired.

From ZP-D v1.2 — H = C" (D1). DP-1: Orthogonality Design Principle (design commitment,
not derived). T: Q2 — H by basis assignment (T2). T unique up to unitary equivalence (T3).
Snap produces orthogonal shift (T4). Monotone sequences map to accumulating vectors (T5).
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Inherited Labels Registry IR-2 — Status of All Previously Open Iltems

0Q-C1 [Closed — ZP-C v1.3 T2]: Non-conservatism of DF derived from ball hierarchy and
branching measure. Finite loops conservative (acknowledged). Infinite sequences
approaching 0 non-conservative (proven within extended D6).

0Q-Al [Closed — T5 below]: Increment selection o = £(S ). Iterative Forcing Theorem.
0OQ-B1 [Closed — ZP-B T0]: p = 2 derived from AX-B1 and MP-1.
S1 [Closed — T6 below, ZP-C v1.3 T1]: P=(1,0) and Q=(0,1) derived from AX-B1 and RP-1.

Remaining named axioms: AX-1 (Binary Snap causality) and AX-B1 (Binary Existence). Not
gaps — intentional foundational commitments.

Named principles: MP-1 (ZP-B), RP-1 (ZP-C): methodological commitments. DP-1 (ZP-D):
design commitment. All explicit.

Temperature T in BA-1: Universe-contingent parameter, same category as €-

Il. The Foundational Axioms of the System

Axiom AX-B1l — Binary Existence [imported from ZP-B v1.2]

The foundational distinction is binary: a state either exists or it does not. No third option.
0 — non-existence (the Null State) 1 — existence (the First Atomic State)

Status: AXIOM. Precedes p-adic topology. Forces p=2 via MP-1 (ZP-B TO0). Forces
distributions P and Q via RP-1 (T6, ZP-C T1). Governs increment selection (T5).

Axiom AX-1 — Binary Snap Causality

When the configuration string x of the Null State reaches the incompressibility threshold P,
the Null State undergoes the Binary Snap: a transition from L to the First Atomic State.

Status: AXIOM. The foundational generative claim. Not derived from any sub-framework. The
mechanism of the Snap is described by ZP-A through ZP-D; the causality is the irreducible
axiomatic commitment.

I1l. The Ontological Grounding Claim
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Theorem T1 — Universal Constituent — Cross-Framework

The element L/0 occupies the minimum position in each framework simultaneously and
independently:

Algebraically (ZP-A T2): L <xforallx € L.

Topologically (ZP-B T3): 0 € Q2 has VZ(O) = +o0; topologically present at the base of every ball
structure.

In H (ZP-D T3): T(0) = e
from T(0).

0 is the fixed anchor; every state vector is an orthogonal extension

Status: DERIVED — Cross-Framework Consistency. Each component is a closed theorem
within its own document. Agreement is structural, not circular. v

Remark R1 — Non-Uniqueness of Zero Across Structures

T1 does not assert a single universal zero. Within any structure, the additive identity is
unique by a one-line proof. Across different structures there is no global requirement. T1
proves the correct and weaker claim: the zeros of ZP-A, ZP-B, and ZP-D are mutually
compatible under the bridge maps of T.

IV. Hamming / JSD Cross-Framework Consistency

Theorem T2 — Hamming / JSD Consistency [Derived from AX-B1 and RP-1]

d (P, Q) =1=]JSD(P|Q) =E

Both quantities derived from AX-B1 and RP-1 via independent methods. Agreement confirms
internal coherence. Status: Derived from AX-B1 and RP-1. v

V. The Dimensional Bridge: Bits to Joules

Bridge Axiom BA-1 — Landauer Dimensional Conversion

~kBT1n2

Ejoules = Ebits
Status: BRIDGE AXIOM. Established thermodynamic principle applied as dimensional bridge.

Temperature T is universe-contingent, same category as g-
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Theorem T3 — Processing Bounds [Conditional on BA-1, AX-B1, RP-1, and

instantiation of o]

Margolus-Levitin analogue: At = h / (4kB Tln 2)
Bremermann analogue: n = 2kB TIn2/h

Status: Structural analogues conditional on AX-B1, RP-1, BA-1, and temperature T.

VI. The Binary Snap Across All Frameworks

Theorem T4 — The Binary Snap — Unified Cross-Framework Description

Under AX-1, when P is reached:
Algebraically (ZP-A): S, = L v g,- Monotone and irreversible: L <S,.

Topologically (ZP-B): 0 transitions to € Discrete jump across clopen boundary (T3).
Irreversible (C3).

In H (ZP-D): T(0) = ey shifts to T(so) =e. Orthogonal (T4). Norm-increasing (T5). Depends
on DP-1 as design premise.

Status: DERIVED — Cross-Framework. AX-1 labelled as axiom. DP-1 labelled as design
premise. v

VII. Iterative Forcing and Increment Selection

Theorem T5 — Iterative Forcing Theorem [0Q-Al Closed]

The increment o at each step equals the minimum viable increment from the current state:
o = s(Sn).

The binary existence distinction (AX-B1) is not origin-specific. At every state Sn the same
question applies: does the next distinguishable state exist? If yes, the minimum viable
increment is selected by the same logic that forced the first Snap. The transitivity chain 0 —

€y~ 82 - ... Sn is a single forcing condition applied iteratively. OQ-Al closed.

Status: DERIVED — Cross-Framework. Depends on AX-B1 (ZP-B) and AX-1 (ZP-E). v

VIIl. Derivation of State Representations from AX-B1 and RP-1
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Theorem T6 — State Representations Derived from AX-B1 and RP-1 [S1 Closed]

P=(1,0) and Q=(0,1) are the unique probability distributions over {0,1} consistent with
AX-B1 and RP-1.

AX-B1 establishes two ontological states. RP-1 requires point-mass representation of each.
The Null State has all mass at 0; the First Atomic State has all mass at 1. Any mixture
represents partial existence, excluded by both. P and Q are unique.

Status: DERIVED from AX-B1 and RP-1. S1 retired. v

IX. Non-Conservatism of the Discrete Surprisal Field

Theorem T2-C — DF is Non-Conservative on Infinite Sequences Approaching 0

[0Q-C1 Closed]

Scope (precise): DF is conservative on all finite loops in Q, \ {0} (C = 0 by telescoping —
mathematical fact). On infinite sequences o through the ball hierarchy approaching 0, C(DF,
o) diverges to +«. DF is non-conservative in the extended sense of D6.

Source: Divergence arises from unbounded growth of I(x) as vz(x) — 4o, following from the
totally disconnected hierarchical structure of Q2 (ZP-B).

Conditionality: The proof operates under the branching measure of ZP-C D4. Under this
measure the result is complete. The branching measure is defined in D4, consistent with
AX-B1 and MP-1.

Status: DERIVED — conditional on branching measure of ZP-C D4. OQ-C1 closed. No
postulates remain on this point. v

X. Full Traceability Register
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L is universal
constituent

1/0 zeros compatible,
not identical

Non-smooth boundary
at origin

Snap algebraically
irreversible

Snap topologically
irreversible

Snap - orthogonal shift
inH

Hamming /)JSD =1
consistent

P=(1,0) Q=(0,1) unique

Increment selection a
= s(Sn)

DF non-conservative on
o-0

DF conservative on
finite loops

Binary Snap causality

Dimensional bridge
(bits - joules)

The Zero Paradox (T7)

ZP-A'T2; ZP-B T3; ZP-D T3
ZP-A A4; ZP-B D1; ZP-D T3 +
R1

ZP-B T5; ZP-C R3; ZP-D T4 +
R2

ZP-A R1 (no subtraction)
ZP-B C3 (corollary of T5)
ZP-D T4; depends on DP-1

ZP-CT1, Tlb; T6

AX-B1; RP-1; T6

AX-B1; AX-1; TS

ZP-C v1.3 T2; ZP-B T5; D4
branching measure

ZP-C v1.3 D6 telescoping

ZP-CD1 (P )

Landauer's principle

All prior theorems

Xl. Open Items — Final State

Derived — Cross-Framework

Derived (R1)

Remark (R2)

Derived

Derived

Derived — conditional on DP-1

Derived from AX-B1 and RP-1

Derived from AX-B1 and RP-1

Derived (T5)

Derived — conditional on D4
branching measure

Derived — mathematical fact
(acknowledged)

Axiomatic — AX-1

Bridge Axiom — BA-1

Derived — Closing Theorem
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0Q-C1:
Non-conservatism
of DF

0Q-Al: Increment
selection

0Q-Bl:p=2

S1: Distribution
stipulation

AX-1: Snap
causality

AX-B1: Binary
existence

MP-1: Minimality
Principle

RP-1:
Representation
Principle

DP-1: Orthogonality

Temperature T in
BA-1

Closed — ZP-C v1.3
T2

Closed — T5

Closed — ZP-B TO

Closed — T6, ZP-C
T1

Axiom — intentional
Axiom — intentional
Principle —
intentional
Principle —

intentional

Design commitment
— intentional

Parameter —
contingent

Derived from ball hierarchy. Finite loops
conservative; infinite sequences non-conservative.
Conditional on D4 branching measure.

o = s(Sn). Iterative Forcing Theorem.

Derived from AX-B1 and MP-1.

Derived from AX-B1 and RP-1.
Foundational generative commitment.
Forces p=2 (with MP-1), distributions (with RP-1),

increment selection.

ZP-B. Bridge between ontological and
representational binary.

ZP-C. Bridge between AX-B1 and probabilistic
tools.

ZP-D. T4 and T5 depend on it as a premise.

Universe-specific. Same category as €-

XIl. The Formal Statement of the Zero Paradox

12.1 Preamble

All prior sections assembled the framework's components and verified their consistency.
This section states what the framework, taken as a whole, formally establishes about the
nature of the paradox it is named for. This is not a summary. It is a theorem — the closing
theorem of the entire ontology.

The paradox is not a logical contradiction. A logical contradiction would invalidate the
framework. The paradox is a structural inversion — a precise and provable claim about
the relationship between the origin of all mathematical description and the limits of the
tools that description uses.

Zero Paradox ZP-E: Bridge Document | Version 1.4 | April 2026



12.2 The Theorem
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Theorem T7 — The Zero Paradox: Formal Statement

PART I — The Null State is the foundation of all describable states.

By T1 (Universal Constituent): 1/0 is the minimum element of every framework. Every state
Sn contains L as a constituent (ZP-A T2). Every ball in Q2 is rooted at 0 (ZP-B T3). Every state
vector T(S ) is an orthogonal extension from T(0) (ZP-D T3). The Null State is structurally
present within every element of the framework.

By T5 (Iterative Forcing): The entire sequence of states is generated by a single forcing
condition applied iteratively from the Null State. The origin is the condition that makes every
subsequent state necessary.

PART II — The Null State is the point at which standard mathematical description necessarily
fails.

By ZP-B T5 (Total Disconnectedness): Q2 has no smooth paths. Its only connected subsets are
singletons.

By ZP-B D5 (sO): Below g there are no intermediate states. The space is granular by
definition.

By ZP-C v1.3 R3 (Smooth Embedding Retired): Calculus tools require a smooth manifold. Q2 \
{0} is not one. These tools cannot be applied at the origin without contradicting what ZP-B
proved about the space.

PART III — The structural inversion.

Every state above g, can in principle be described by smooth tools, because those states exist
on a locally structured, non-singular space. The Null State is the foundation from which all
other states emerge — and the unique point where those tools cannot be applied. The space
at and immediately around 0 in Q2 is totally disconnected, granular at €y and non-smooth by
necessity — by the logical requirements of AX-B1 and the ultrametric structure of Q..

Therefore: the origin of all describable states is the one state that cannot be described by the
tools those states make possible.

PART IV — Resolution: the paradox is genuine but not destructive.

The paradox is resolved — not dissolved — by replacing smooth tools with discrete operators
native to QZ: DF and C(DF, y) from ZP-C v1.3. These operators require no smoothness and
are well-defined at every point in Q2 \ {0}.
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Under the extended D6 framework: (a) finite loops are conservative (C = 0 by telescoping) —
the standard conservation property holds throughout the space for all bounded paths; (b)
infinite sequences through the ball hierarchy approaching 0 are non-conservative (C = +« by
ZP-C v1.3 T2, conditional on the branching measure of D4). The non-conservative behaviour
is not a defect — it is the correct characterisation of the informational singularity at the
foundational element.

In Hilbert space, the Snap produces an orthogonal shift from T(0) to T(eo) (ZP-D T4), where
orthogonality is the image of topological isolation under DP-1. The paradox is resolved
consistently across all frameworks, with each design commitment and principle explicitly
labelled.

The Null State remains indescribable by smooth calculus. It becomes describable by discrete
calculus. The paradox is the precise boundary between these two regimes.

PART V — What the paradox is not.

Not a claim that zero is undefined. Zero is rigorously defined in every sub-framework. Not a
claim that the transition is mysterious — it is characterised algebraically, topologically,
informationally, and in Hilbert space, all consistently. Not a logical contradiction — no
theorem in ZP-A through ZP-D contradicts any other.

Status: DERIVED — Closing Theorem. Depends on ZP-A T2, T3; ZP-B TO, T3, C3, T5, AX-B1,
MP-1, D5; ZP-C v1.3 T1, T2, D4, D5, D6, RP-1, R3; ZP-D T3, T4, T5, DP-1; ZP-E T1, T4, T5, T6,
AX-1. v

XIIl. Validation Status
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IR-1: Closed results imported
AX-B1: Binary existence axiom
AX-1: Binary Snap causality
MP-1: Minimality Principle
RP-1: Representation Principle

DP-1: Orthogonality Design
Principle

T1: Universal constituent

T2: Hamming/JSD consistency
BA-1: Landauer bridge

T3: Processing bounds

T4: Unified Snap description
T5: Iterative Forcing Theorem
T6: State representations

T2-C: DF non-conservative on
o-0

T7: The Zero Paradox

Full traceability register

Valid — updated to ZP-B v1.2, ZP-C v1.3, ZP-D v1.2
Axiom — foundational logical commitment

Axiom — foundational generative commitment
Principle — explicit bridge; from ZP-B v1.2
Principle — explicit bridge; from ZP-C v1.3

Design commitment — from ZP-D v1.2; T4, T5 depend on it

Valid — Derived; cross-framework consistency

Valid — Derived from AX-B1 and RP-1

Bridge Axiom — established thermodynamic principle
Conditional — on AX-B1, RP-1, BA-1, and temperature T
Valid — Derived; AX-1 and DP-1 labelled

Valid — Derived; OQ-A1 closed

Valid — Derived from AX-B1 + RP-1; S1 closed

Valid — Derived; OQ-C1 closed; scope: infinite sequences
only; conditional on D4

Valid — Derived; closing theorem; Part IV refined for v1.4

Valid — Complete; every claim traced; no floating
connections
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